Abstract: We discuss some of the key topological features of a two (1 + 1)-dimensional (2D) self-interacting non-Abelian gauge theory (having no interaction with matter fields) in the framework of superfield formalism. We provide the geometrical interpretation for the Lagrangian density, symmetric energy momentum tensor, topological invariants, etc., by exploiting the on-shell nilpotent BRST-and co-BRST symmetries that emerge after the application of generalized versions of horizontality condition. We show that the above physically interesting quantities of relevance geometrically correspond to the translation of some local (but composite) chiral superfields along one of the two independent Grassmannian directions of a four (2 + 2)-dimensional compact supermanifold. * E-mail address: malik@boson.bose.res.in
Introduction
The modern developments in the subject of topological field theories (TFTs) have encompassed in their ever widening horizons a host of diverse and distinct areas of research in theoretical physics and mathematics. In this context, mention can be made of such interesting topics as Chern-Simon theories, topological string theories and matrix models, 2D topological gravity, Morse theory, Donaldson and Jones polynomials, etc. (see, e.g., Ref. [1] and references therein for details). Without going into the subtleties and intricacies, TFTs can be broadly classified into two types. The Witten type TFTs [2] are the ones where the Lagrangian density turns out to be the Becchi-Rouet-Stora-Tyutin (BRST) (anti-)commutator. The conserved and nilpotent BRST charge for such a class of TFTs generates a symmetry that is a combination of a topological shift symmetry and some types of local gauge symmetry. On the other hand, the Schwarz type of TFTs [3] are characterized by the existence of a conserved and nilpotent BRST charge that generates only some local gauge type of symmetries for a Lagrangian density that cannot be totally expressed as the BRST (anti-)commutator (see, e.g., Ref. [1] for details). For both types of TFT, there are no energy excitations in the physical sector of the theory because the energy-momentum tensor turns out to be a BRST (anti-)commutator and all the physical states (including the vacuum) of this theory are supposed to be invariant w.r.t. the conserved, nilpotent, metric independent and hermitian BRST charge Q b (i.e. Q b |vac >= 0, Q b |phys >= 0).
Recently, in a set of papers [4] [5] [6] [7] , the free 2D Abelian-and self-interacting non-Abelian gauge theories (without any kind of interaction with matter fields) have been shown to belong to a new class of TFTs because the Lagrangian density of the theory turns out to bear an appearance similar to the Witten type theories but the local symmetries of the theory are that of Schwarz type. Furthermore, these non-interacting as well as self-interacting 2D theories [4] [5] [6] [7] , interacting 2D Abelian gauge theory (where there is an interaction between Dirac fields and 2D photon) [8, 9] and (3 + 1)-dimensional (4D) free Abelian two-form gauge theory [10] have been shown to provide a set of tractable field theoretical models for the Hodge theory where the local, covariant and continuous symmetries of the Lagrangian density and corresponding conserved charges (as generators) are identified with all the three de Rham cohomology operators of differential geometry † . The geometrical interpretation for these charges as the translation generators along some specific directions of a four (2 + 2)-dimensional supermanifold has also been established for the 2D free-and self-interacting (non-)Abelian gauge theories [15] [16] [17] . In a recent work [18] , some of the key features of the topological nature of a 2D free Abelian gauge theory have been captured in the superfield formulation [19] [20] [21] [22] [23] and their geometrical interpretation has been provided. One of the central themes of our present paper is to extend our work on the free 2D Abelian gauge theory [18] to the self-interacting 2D non-Abelian gauge theory and provide the geometrical inter- † On a compact manifold without a boundary, the set of operators (d, δ, ∆) (with d = dx µ ∂ µ , δ = ± * d * , ∆ = dδ + δd) define the de Rham cohomological properties of the differential forms. They are called the exterior derivative, co-exterior derivative and Laplacian operators respectively and obey:
2 . Here * stands for the Hodge duality operation [11] [12] [13] [14] .
pretation for some key topological properties associated with this theory in the framework of (geometrical) superfield formulation [19] [20] [21] [22] [23] . We obtain the on-shell nilpotent version of BRST-and co-BRST symmetries by exploiting the generalized versions of horizontality condition ‡ w.r.t. the super cohomological operatorsd (together with the Maurer-Cartan equation) andδ. The off-shell version of these symmetries has been obtained in Ref. [17] where the ideas of Refs. [20] [21] [22] on (anti-)BRST symmetries have been expanded and new (anti-)co-BRST symmetries have been derived in the superfield formalism. We concentrate only on the on-shell version of nilpotent BRST-and co-BRST symmetries (avoiding any discussion about anti-BRST-and anti-co-BRST symmetries) because the on-shell version of these symmetries and corresponding generators are good enough to shed some light on the topological nature of the 2D self-interacting non-Abelian gauge theory. In the framework of superfield formulation, the choice of the superfields of the theory to be chiral helps in deducing the on-shell version of the BRST-and co-BRST symmetries when we exploit the generalized versions of horizontality condition. In fact, the topological nature of the theory in the superfield formalism, is encoded in the form of the Lagrangian density and the symmetric energy-momentum tensor which can be thought of as the translation of some local (but composite) chiral superfields along one of the two Grassmannian directions of the (2 + 2)-dimensional supermanifold. This translation is generated by the on-shell nilpotent BRST-and co-BRST charges which turn out to geometrically correspond to the translation generators on the four (2 + 2)-dimensional compact supermanifold.
The contents of our present paper are organized as follows. In Sec. 2, we set up the notations and briefly recapitulate the bare essentials of the BRST-and co-BRST symmetries for the 2D self-interacting non-Abelian gauge theory in the Lagrangian formulation. Sections 3 and 4 are devoted to the derivation of the above on-shell nilpotent symmetries in the framework of superfield formalism. In Sec. 5, we discuss topological aspects and provide their geometrical interpretation in the language of translations on the (2 + 2)-dimensional compact supermanifold. Finally, in Sec. 6, we make some concluding remarks and point out a few directions that can be pursued later.
2 BRST-and co-BRST symmetries: Lagrangian formulation Let us begin with the BRST invariant Lagrangian density L B for the self-interacting two (1 + 1)-dimensional non-Abelian gauge theory in the Feynman gauge [24] [25] [26] [27] 
where 
C a are required in the BRST invariant theory to maintain unitarity and gauge invariance together at any arbitrary order of perturbative calculations. In fact, these (anti-)ghost fields (which are not matter fields) interact with the self-interacting non-Abelian gauge fields (A µ = A a µ T a ) only in the loop diagrams of perturbation theory (see, e.g., Ref. [28] for details). The above Lagrangian [5, 6, 29] :
The above continuous symmetries, according to Noether's theorem, lead to the following expressions for the conserved and on-shell nilpotent (co-)BRST charges (
which turn out to be the generator for the transformations (2.2). This latter statement can be succinctly expressed in the mathematical form (for the generic field Ψ = Ψ a T a ) as
where brackets [ , ] ± stand for the (anti-)commutators for any arbitrary generic field Ψ(≡ A µ , C,C) being (fermionic)bosonic in nature. Left to itself, the Lagrangian density (2.1) does not respect any anti-BRST-and anti-co-BRST symmetries. These symmetries can be brought in, however, by modifying (2.1) to incorporate a specific set of auxiliary fields. It is interesting to note that only the off-shell nilpotent version of these symmetries exist for the modified Lagrangian density (see, e.g., Ref. [24] [25] [26] [27] for details). With the help of equations (2.3) and (2.4), the Lagrangian density (2.1) can be expressed, modulo some total derivatives, as the sum of BRST-and co-BRST anti-commutators:
c for non-null vectors α and β in the group space. Here Greek indices: µ, ν... = 0, 1 correspond to the spacetime directions on the 2D compact manifold and Latin indices: a, b, c.. = 1, 2, 3... stand for the Lie group "colour" values.
¶ We follow here the notations and conventions of Ref. [27] . In fact, in its full glory, a nilpotent (δ The appearance of the above Lagrangian density is that of Witten type TFTs when the physical states (and vacuum) of the theory are supposed to be annihilated by Q b and Q d . Such situation does arise if we invoke harmonic state of the Hodge decomposed state to correspond to the physical state in the total quantum Hilbert space [5] [6] [7] . The expression for the symmetric energy-momentum tensor T (s)
This also turns out, modulo some total derivatives, to be the sum of BRST and co-BRST anti-commutators as given below [6]
The generic form of the topological invariants (I k and J k ) with respect to the conserved and on-shell (
where C k are the k-dimensional homology cycles in the 2D manifold and V k and W k are the k-forms w.r.t. Q b and Q d respectively. These forms are [5, 6] 
These topological invariants obey certain specific kind of recursion relations [5, 6] which primarily shed some light on the connection between (co-)BRST transformations-and operation of (co-)exterior derivatives on these invariants. Equations (2.5)-(2.10) establish the topological nature of the above self-interacting 2D non-Abelian gauge theory.
3 On-shell nilpotent BRST symmtery: superfield formulation To provide the geometrical interpretation for the conserved and on-shell nilpotent BRST charge Q b (cf. (2.3) ) as the translation generator in the framework of the superfield formulation [19] [20] [21] [22] [23] , we first generalize the basic generic local field Ψ(x) = (A µ (x), C(x),C(x)) of the Lagrangian density (2.1) to a chiral (∂ θ V s (x, θ,θ) = 0) supervector superfield V s = (B µ (x,θ), Φ(x,θ),Φ(x,θ)) defined on the (2 + 2)-dimensional supermanifold with the following super expansions along the Grassmannian directionθ of the supermanifold
Some of the salient and relevant points at this juncture are: (i) In general, the (2 + 2)-dimensional supermanifold is parametrized by the superspace coordinates Z M = (x µ , θ,θ) where x µ (µ = 0, 1) are the even spacetime coordinates and θ,θ are the odd Grassmannian variables (θ 2 =θ 2 = 0, θθ +θθ = 0). However, here we choose only the chiral superfields which depend only on the superspace variables Z M = (x µ ,θ).
(ii) The most general expansions for the even superfield B µ and odd superfields Φ andΦ are [17, 21] ( 
where the super one-form connectionÃ (in terms of the chiral superfields) and super exterior derivatived (in terms of the chiral superspace variables (x µ ,θ)), are defined as
The above definitions lead to the following expressions for
Now the horizontality restrictions in (3.3) imply the following
The first two relations in the above equation lead to the following expressions for the auxiliary fields in terms of the basic fields of the Lagrangian density (2.1)
and the last relationship (
where we have used 
µν ·F µν ). It is obvious from equation (3.7) that the horizontality restriction (3.3) does not fix the auxiliary field B(x) = (B a T a )(x) in terms of the basic fields of the Lagrangian density (2.1). However, it has been shown [5, 6] that the off-shell nilpotent BRST-and co-BRST symmetries can be derived if we linearize the kinetic-and gauge-fixing terms of (2.1) by invoking two auxiliary fields B and B in the following way
which shows that B = −(∂ ρ A ρ ) . Thus, the super expansion in (3.1) can be re-expressed, in terms of the expressions for the auxiliary fields in (3.7) and B = −(∂ ρ A ρ ), as
(3.10)
With the above expansions as inputs, the on-shell nilpotent BRST symmetries in (2.2) can be concisely expressed in the language of superfields as
In fact, in the above three transformations, the first one yields
C×C; the second produces s b C = − 1 2 C × C and the third leads to
µ C in terms of the basic fields of (2.1). Comparing with (2.4), it is clear that 12) which shows that the conserved and on-shell nilpotent BRST charge Q b (that generates the BRST transformations (2.2)) can be geometrically interpreted as the generator of translation (
∂ ∂θ
) along the Grassmannian directionθ of the supermanifold. This clearly establishes the fact that the horizontality condition w.r.t. the super covariant derivativeD =d +Ã (iñ F =DÃ = DA = F ) leads to the derivation of the on-shell nilpotent BRST symmetries for the non-Abelian gauge theory and it plays an important role in providing the geometrical interpretation for the BRST charge Q b on the (2 + 2)-dimensional supermanifold.
4 On-shell nilpotent co-BRST symmetry: superfield approach It is evident from our earlier discussions that F = DA = dA + A ∧ A defines the twoform curvature tensor on an ordinary compact manifold. The operation of an ordinary
It is interesting to note that B = ±(∂ ρ A ρ ), B = ±E are allowed in (3.9) without changing anything in the off-shell nilpotent BRST (s b )-and co-BRST (s d ) symmetry transformations:
co-exterior derivative δ = − * d * on the one-form A = dx µ A a µ T a leads to the definition of the gauge-fixing term (i.e. δA = ∂ µ A µa T a ). Interestingly, the operation of the covariant co-exterior derivative Ω = − * D * on the one-form A leads to the same gauge-fixing term. This can be seen (with * (dx
where the total antisymmetry property of the f abc plays an important role in proving A µ × A µ = 0. In the simplest way, this statement can be verified by noting that:
µ which is, in essence, the reflection of (4.1). Now we shall generalize the horizontality condition (DÃ = DA) of equation (3.3) (where (super-)exterior derivative(s) (d)d and (super-)one-form(s) (Ã)A play an important role) to the case where the (super-)co-exterior derivatives (δ)δ operate on (super-)one-form(s) (Ã)A to define a (super-)scalar. Thus, the analogue of the horizontality condition is
where, in the definition ofδÃ = − ⋆d ⋆Ã, we have to take into account
so that the operation ofd on the one-form (⋆Ã) can exist in the chiral space. Here the Hodge duality ⋆ operation is defined on the (2 + 2)-dimensional supermanifold. In its most general form, this operation on the super differentials and their wedge products, are
where
The choice of (⋆Ã) in (4.3) is derived from the following general expression for the super one-formÃ and the application of the ⋆ operation (4.4) on it in the (2 + 2)-dimensional supermanifold:
Taking the chiral limit (θ → 0, dθ → 0) of the above equation leads to the proof for the choice of (⋆Ã) in (4.3). With the help of (4.4) and (4.3), the l.h.s. of the analogue of the horizontality condition (4.2), can be explicitly written as
Application of the requirement in (4.2) allows us to set the coefficients of ε µθ and sθθ equal to zero. This restriction leads to the following relationships
The other restriction, ensuing from (4.2), is ∂ µ B µ = ∂ µ A µ which leads to ∂ µ R µ = 0. It is evident that (4.7) automatically satisfies this condition. It will be noticed that the auxiliary field B(x) is not fixed by the analogue of the horizontality condition in (4.2). However, our argument in the context of choice of the Lagrangian density (3.9) for the off-shell nilpotent BRST-and co-BRST symmetries, comes to our rescue. In fact, we can choose B(x) = −E(x). Thus, the expansion (3.1), with the results in (4.7), can be expressed as
The above expansions (due to the analogue of the horizontality condition in (4.2)) allow one to express the on-shell nilpotent co-BRST symmetry transformations of (2.2), in terms of the chiral superfields (4.8), as 9) where the first transformation in the above equation leads to s d A µ = −ε µν ∂ νC , s dC = 0; the second one yields s dC = 0 and third one produces 10) where the bracket [ , ] ± stands for the (anti-)commutator for the Σ (or corresponding Λ) being (fermionic)bosonic in nature.
Topological aspects: superfield formalism
We have derived in Sec. 2 some of the key topological features in the Lagrangian formulation and have shown that, modulo some total derivatives, the Lagrangian density (2.1) can be expressed as the sum of BRST-and co-BRST anti-commutator (cf.(2.5)). In the language of the chiral superfields, the same can be expressed, modulo total derivative ∂ µ X µ , as:
where the subscripts BRST-and co-BRST stand for the insertion of the chiral super expansions given in (3.10) and (4.8) respectively and
In the above computation, we have used
Mathematically, the above Lagrangian density is nothing but theθ-component of the composite fields (∂ µ B µ ) ·Φ and ε µν (∂ µ B ν + 1 2
B µ × B ν ) · Φ when we substitute the chiral expansions (3.10) and (4.8) that have been obtained after the application of the (analogue of) horizontality condition(s). Incorporating the geometrical interpretation for the on-shell nilpotent (co-)BRST charges, it can seen that the Lagrangian density (2.1) corresponds to the translation of some local (but composite) chiral superfields along theθ-direction of the (2 + 2)-dimensional supermanifold where the generators of translation are Q b and Q d .
Let us now concentrate on the topological invariants of the theory. We can provide the geometrical origin for the zero-forms W 0 and V 0 of equations (2.10) and (2.9) which are (co-)BRST invariants. To this end in mind, we note the following
It obvious now that zero-forms in (2.9) and (2.10) are as follows
Mathematically, it means that the on-shell (∂ µ D µ C = 0) BRST invariant quantity V 0 is nothing but theθ-component of the local (but composite) chiral superfield (Φ ·Φ) when we substitute for them the super expansions (3.10) that are obtained after the imposition of the horizontality condition (3.3). In the language of the geometry on the supermanifold, V 0 is equivalent to a translation of the chiral superfield (Φ ·Φ) along theθ-direction which is generated by the on-shell nilpotent BRST charge Q b . In a similar fashion, we can provide a geometrical interpretation to the on-shell (D µ ∂ µC = 0) co-BRST invariant zero-form W 0 . The rest of the topological invariants (V k , W k , k = 1, 2) can be obtained by the following recursion relations [5, 6] that characterize the topological nature of this theory:
Now we wish to provide the geometrical interpretation for the symmetric energymomentum tensor T (s) µν of the theory in the language of the translation on the four (2 + 2)-dimensional supermanifold. In fact, it can be checked that the T (s) µν of (2.6), modulo some total derivatives X (s) µν , can be expressed as
where the explicit form of the total derivative term X 
It is obvious from (5.5) that T µν along theθ-direction of the four (2 + 2)-dimensional supermanifold. These translations are generated by the on-shell nilpotent BRST-and co-BRST charges Q b and Q d respectively.
Conclusions
In our present investigation, we have concentrated on the key topological properties of the 2D self-interacting non-Abelian gauge theory in the framework of the superfield formulation. The choice of the chiral superfields and imposition of the generalized versions of the horizontality condition enable us to derive the on-shell nilpotent BRST-and co-BRST symmetries. This feature of our investigation is different from the earlier attempts to derive the off-shell nilpotent (anti-)BRST symmetries in the framework of superfield formulation [20] [21] [22] . In our present analyses, the Lagrangian density (2.1) and corresponding symmetric energy momentum tensor (2.6) play key roles. It is important for our whole discussion to derive the on-shell nilpotent (co-)BRST symmetries in the superfield formulation because the Lagrangian density (2.1) is endowed with only these symmetries and it does not respect anti-BRST-and anti-co-BRST symmetries. In fact, it is the existence of the novel on-shell nilpotent co-BRST symmetry (together with the familiar on-shell nilpotent BRST symmetry) that enables us to furnish a convincing proof of the topological nature of the 2D self-interacting non-Abelian gauge theory in the Lagrangian formulation. This fact is reflected in the superfield formulation in the appearance of the Lagrangian density and the symmetric energy momentum tensor which turn out to be the translation of some local (but composite) chiral superfields along theθ-direction of the supermanifold. These translations are generated by the on-shell nilpotent (co-)BRST charges. It would be nice to generalize our present work to 4D two-form free Abelian gauge theory where the existence of (co-) BRST symmetries has been shown [10] . The superfield formulation of the 2D interacting (non-)Abelian gauge theories is another direction that can be pursued later [30] .
